I. INTRODUCTION
The calculation of the sound pressure occurring in loudspeakers and ultrasound due to a vibrating, baffled, planar piston is often done by using the spatial impulse response approach as can be found in Refs. 1 In this paper, a (semi-) analytic method for the computation of the spatial impulse responses arising from a baffled, circular piston with non-uniform piston velocity profile v is presented. A general, radially symmetric, velocity profile v(σ), vanishing outside σ ≤ a (with a the piston radius and σ the radial distance from the origin in the piston plane) is developed into the basis functions R 0 2n (σ/a) = P n (2(σ/a) 2 − 1), n = 0, 1, ... , where P n is the Legendre polynomial of degree n. The approach used in the present paper is to be compared with the one presented in In Sec. II, the geometry, notations and basic formulas are presented. In Sec. III, the proof of the main result of this paper, the finite-series expression in Eqs. 
II. GEOMETRY, NOTATIONS AND BASIC FORMULAS
In this section, the basic formulas as well as the geometry and notations are presented.
The radiated pressure, due to a harmonic excitation exp(iωt), with ω the radian frequency, of the harmonically vibrating flat surface S, a disk of radius a around the origin, is given by the Rayleigh integral as
in which the time variable t and the factor exp(iωt) have been suppressed. In Eq. (1), ρ 0 is the density of the medium, c is the speed of sound in the medium, and k = ω/c is the wave number. Furthermore, r is a field point in the half space in front of the baffle containing S, r s is a point on the surface S, and r = |r − r s | is the distance between r and r s . Finally, v(r s ) is the normal component of the velocity on the surface S at r s , and the average velocity V s is given by
It is assumed that v(r s ) = v(σ) is radially symmetric. See Fig. 1 for geometry and notations.
The velocity potential φ(r, ω) is given by
The velocity waveform of the field point r due to the harmonic excitation exp(iωt) is given as φ(r, ω) exp(iωt) and can be regarded as the output of a time-invariant linear system with impulse response function h(t; r). Hence, φ(r, ω) equals the Fourier transform 
in which H is the Heaviside step function
and
, |w − R(t; z)| < a < w + R(t; z) , π , w + R(t; z) < a.
The velocity profiles considered in this paper are square integrable over S and radially symmetric while they vanish for |r s | > a. These v's admit a representation
in which V s is given in Eq. (2) and u n are scalar coefficients with u 0 = 1. In Eq. (8), R 0 2n is the radially symmetric Zernike circle polynomial of degree 2n, given by
with P n the Legendre polynomial of degree n, see Ref. 13 , Ch. 22.
III. PROOF OF THE MAIN RESULT
In this section, the main result of this paper is proved. That is, in Eq. (23) below, the impulse response corresponding to a velocity profile as in Eq. (8) is given, for any t > 0 and any field point r (see Fig. 1 ) explicitly as a series involving the expansion coefficients u n and certain functions T 0 2n (t ; r) given in finite terms in Eq. (24).
We have for the impulse response h(t ; r) in Eq. (4) that
where T 0 2n is defined as
Here we recall the definitions of R and A in Eqs. (6)- (7) and Eq. (9). Thus, in particular,
The integral T 0 2n in Eq. (11) can be evaluated using the addition theorem for Legendre polynomials, see Ref. 16 , §220, pp. 364-371, in the form
with real γ and γ or
with complex µ and µ such that Re(µ), Re(µ ) > 0 and µ, µ ∈ (−∞, 1]. The P In the case that w + R < a, Eq. (12) is used. In Appendix B it is shown that cos γ cos γ = 2
holds when γ, γ ∈ (0, π) are given by
By Eq. (7), there holds A = π in this case. Integration of Eq. (12) 
In terms of w, R, a there holds
with u = |w − R|/a, v = (w + R)/a.
In the case that |w − R| < a < w + R, Eq. (13) is used. In Appendix B it is shown that
is satisfied with Re(µ), Re(µ ) > 0 and µ, µ ∈ (−∞, 1] when
where γ 1 ∈ (0, π), γ 2 > 0 are given by
By Eq. (7), there holds A ∈ (0, π) in this case. Integration of Eq. (13) 
In terms of w, R, a there holds (u and v as above)
Summarizing, there holds for t > 0 and field point r
where
right-hand side of Eq. (21) , |w − R| < a < w + R ,
with R = (c 2 t 2 − z 2 ) 1/2 = R(t ; z) > 0, and γ, γ ∈ (0, π) given in case that w + R < a by Eq. (17) while A, µ in case that |w − R| < a < w + R are given by Eqs. (7), (22).
The computation scheme is presented concisely in Appendix C where also a Mathematica code is supplied for the purpose of plotting impulse responses for a fixed value of z as a function of t and w.
IV. DISCUSSION AND APPLICATION OF THE MAIN RESULT
The computation of impulse responses can be done using the following steps
• expand the radially symmetric velocity profile v into a (possibly infinite, appropriately truncated) Zernike series using expansion coefficients u n as in Eq. (5),
• compute the contribution to the impulse response of each Zernike term as a finite series according to Eqs. (23)- (24),
• form the linear combination of these contributions using the u n as coefficients.
Feasibility of this approach depends critically on availability and rapid decay of the coefficients u n in the expansion of Eq. (8) for the velocity profile of interest.
As a first example, consider for = 0, 1, · · · the parabolic profiles
There is the finite expansion, see Ref.
8, Appendix A.1,
where 
there is the expansion
where the u (l) n are given in Eq. (27). Hence, the w (l) have impulse responses that can be computed in finite terms. Thus, when we have a profile of the form
where f (x) has a convergent Taylor series ∞ l=0 a l x l , |x| ≤ 1, the impulse response of v(σ)
can be obtained, in principle, by linear combination of those of the w (l) in Eq. (29).
As a next example, consider the truncated Gaussian
for which there is the expansion, see Ref.
with 
where s 0 = 1 and A second point is that the computation in analytic form of the coefficients s j in Eq. (35) is cumbersome (except in the case that v(σ) is a finite linear combination of the J 0 (α j σ/a)).
In the case of polynomial profiles v(σ), a finite-terms expression, using repeated partial integrations with z appear.
An even more serious problem is the fact that the expansion coefficients s j in Eq. (35) decay slowly, also in cases of very well-behaved profiles v(σ). With v(σ) of the form in Eq. (30) and K the smallest non-negative integer such that f (K) (1) = 0, the leading behavior of s j as j gets large is given by
This follows from repeated partial integrations in Eq. (35) using z
as above for the polynomial profiles. Thus for a Gaussian profile as in Eq. (31), for which we have that f (x) is a multiple of exp(−bx), there holds K = 0 in Eq. (37) and decay is only as slow as 
it follows that φ(r, ω) = 1 2π
Next, the substitution
1/2 and using RdR = W dW , there results
Then performing inverse Fourier transformation in Eq. (A1) and recalling that k = ω/c, it follows that
Here it has been used that
The formula in Eq. (4), with A as given in Eq. (7), then follows from the fact that v(r s ) actually vanishes for |r s | > a and some administration with inverse trigonometric functions.
APPENDIX B: LEGENDRE FUNCTIONS AND ADDITION FORMULA
There holds, see Ref. 13, 8.6 .6-7 on p. 334, for integer n, m with 0 ≤ m ≤ n that
and (α − ± α + ) where
Then cos γ, cos γ can be computed from cos 1 2 (α − ± α + ) using the addition theorem for cos and cos
(1 + cos α)) 1/2 , sin
(1 − cos α)) 1/2 when 0 < α < π, and this yields Eq. (17).
In the case that |w − R| < a < w + R, there holds
and so γ 1 , γ 2 in Eq. (20) can be taken such that γ 1 ∈ (0, π), γ 2 > 0. Therefore, cos 
(positive numbers at both sides at either equality). By the addition theorem for cos it is then seen that
and it follows that the two conditions in Eq. (18) are satisfied. Finally, the equality in Eq. (22) follows in a similar fashion as the equalities in Eq. (17) were proved.
APPENDIX C: COMPUTATION SCHEME FOR PLOTTING h(t; r)
With t > 0 and r = (w, 0, z) set x a = w/a, y a = ct/a, z a = z/a, r a = (y 
